Exotic smooth structures on 3{CP}^2#8{-CP}^2 by Park, Jongil
ar
X
iv
:m
at
h/
05
07
08
5v
4 
 [m
ath
.G
T]
  2
9 A
ug
 20
05
EXOTIC SMOOTH STRUCTURES ON 3CP 2♯8CP
2
JONGIL PARK*
Abstract. Motivated by Stipsicz and Szabo´’s exotic 4-manifolds with b+2 = 3 and
b−2 = 8, we construct a family of simply connected smooth 4-manifolds with b
+
2 = 3
and b−2 = 8. As a corollary, we conclude that the topological 4-manifold 3CP
2♯8CP
2
admits infinitely many distinct smooth structures.
1. Introduction
Since S. Donaldson introduced gauge theory in 1982, it has been known that most
simply connected smooth 4-manifolds with b+2 odd and large enough admit infinitely
many distinct smooth structures ([4], [7], [15], [16]). But it is still an intriguing prob-
lem to determine which smooth 4-manifolds with b+2 small have more than one smooth
structure. In the case when b+2 = 1, S. Donaldson first proved that a Dolgachev surface
is not diffeomorphic to CP 2♯9CP
2
([2]) and D. Kotschick proved in the late 1980’s that
the Barlow surface is not diffeomorphic to CP 2♯8CP
2
([9]). Recently, the author con-
structed a new simply connected symplectic 4-manifold with b+2 = 1 and b
−
2 = 7 ([17]),
and then R. Fintushel, R. Stern, A. Stipsicz and Z. Szabo´ found many new exotic smooth
4-manifolds with b+2 = 1 using a rational blow-down technique ([5], [18], [21]). So it has
been proved up to now that rational surfaces CP 2♯nCP
2
with n ≥ 5 admit infinitely
many distinct smooth structures. On the other hand, the case with b+2 = 3 has also been
studied extensively for a long time. For example, it was known in the mid 1990’s that
the K3 surface E(2) and 3CP 2♯19CP
2
admit infinitely many distinct smooth structures
([3], [6], [10], [20]) and the topological 4-manifolds 3CP 2♯nCP
2
with n ≥ 14 also admit
infinitely many distinct smooth structures ([19], [23]). And later, the same statement
with n ≥ 10 was also proved ([11], [12], [13]). Recently, Stipsicz and Szabo´ constructed
infinitely many distinct smooth structures on 3CP 2♯9CP
2
and they also constructed
infinitely many exotic smooth 4-manifolds with vanishing first homology, b+2 = 3 and
b−2 = 8 using a similar technique appeared in [18] ([22]).
The aim of this paper is to prove that the topological 4-manifold 3CP 2♯8CP
2
also
admits infinitely many distinct smooth structures. We first construct a family of simply
connected smooth 4-manifolds by modifying Stipsicz and Szabo´’s exotic 4-manifolds with
b+2 = 3 and b
−
2 = 8 in [22]. And then we compute their Seiberg-Witten invariants to
show that they are mutually nondiffeomorphic.
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Theorem 1.1. The simply connected topological 4-manifold 3CP 2♯8CP
2
admits infin-
itely many distinct smooth structures.
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help and advice while working on this problem. He also pointed out critical errors in the
early versions of this paper to the author.
2. A Main Construction
In this section we first briefly review a rational blow-down surgery and state related
theorems ([3], [14] for details). Suppose that p > q > 0 are relatively prime integers.
Let Cp,q be a smooth 4-manifold obtained by plumbing disk bundles over the 2-sphere
instructed by the following linear diagram
−bk −bk−1 −b1
uk uk−1 u1
r r · · · · · · r
where p
2
pq−1 = [bk, bk−1, . . . , b1] is the unique continued fraction with all bi ≥ 2 and each
vertex represents a disk bundle over the 2-sphere ui whose Euler number is −bi. Then
Cp,q is a negative definite simply connected 4-manifold whose boundary is a lens space
L(p2, 1−pq). It was known that a lens space L(p2, 1−pq) bounds a rational ball Bp,q with
π1(Bp,q) ∼= Zp ([1]). Furthermore, the inclusion ∂Bp,q −→ Bp,q induces an epimorphism
π1(∂Bp,q) ∼= Zp2 −→ π1(Bp,q) ∼= Zp.
Definition Suppose X is a smooth 4-manifold containing a configuration Cp,q. Then we
may construct a new smooth 4-manifold Xp,q, called the (generalized) rational blow-down
of X, by replacing Cp,q with the rational ball Bp,q. Note that this process is well-defined,
that is, a new smooth 4-manifold Xp,q is uniquely determined (up to diffeomorphism)
from X because each diffeomorphism of ∂Bp,q extends over the rational ball Bp,q. We
call this a rational blow-down surgery.
A rational blow-down surgery with q = 1 was originally introduced by Fintushel and
Stern to compute the Donaldson series for simply connected regular elliptic surfaces with
multiple fibers of relatively prime orders ([3]) and later it was extended to the general
case by the author ([14]). Furthermore, it was proved that the Seiberg-Witten basic
classes and the Seiberg-Witten invariants of a smooth 4-manifold Xp,q obtained by a
rational blow-down surgery are closely related to those of X. For example, we have the
following results.
Theorem 2.1 ([14]). Suppose X is a smooth 4-manifold with b+2 > 1 which contains a
configuration Cp,q. If L is a SW-basic class of X which satisfies (L|Cp,q )
2 = −b2(Cp,q)
and c1(L|L(p2,1−pq)) = mp ∈ Zp2 ∼= H
2(L(p2, 1 − pq);Z) with m ≡ (p− 1) (mod 2), then
L induces a SW-basic class L of Xp,q such that SWXp,q(L) = SWX(L).
Corollary 2.1. Suppose X is a smooth 4-manifold with b+2 > 1 which contains a config-
uration Cp,q. If L is a SW-basic class of X satisfying L · ui = (bi − 2), ∀ 1 ≤ i ≤ k
(or L · ui = −(bi − 2), ∀ i), then L induces a SW-basic class L of Xp,q such that
SWXp,q(L) = SWX(L).
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Next, we review the exotic smooth 4-manifolds with b+2 = 3 and b
−
2 = 8 constructed
by Stipsicz and Szabo´ ([22] for details).
Let E(2) be the simply connected elliptic surface with no multiple fibers and holo-
morphic Euler characteristic 2. Then E(2) is an elliptic fibration over S2 which has
various types of singular fibers. In particular, it can be viewed as an elliptic fibration
over S2 with an I16-singular fiber and eight fishtail-singular fibers ([8]). Note that one can
change the eight fishtail fibers to three pairs of the same type fishtail fibers and two other
fishtail fibers in E(2). Let VK1,K2,K3 be a smooth 4-manifold obtained by doing three
knot surgeries in the three double node neighborhoods, each of which contains a pair of
the same type fishtail fibers, in E(2) respectively, using the twist knots K1 for the first,
K2 for the second and K3 for the third surgery. Then the smooth 4-manifold VK1,K2,K3
contains a ‘pseudo-section’ i.e. an immersed 2-sphere with three positive double points
and with square −2 ([5]). Furthermore, resolving the two positive intersections of this
pseudo-section with the remaining two fishtail fibers, the 4-manifold VK1,K2,K3 contains
an immersed 2-sphere with five positive double points and with square 2. By blowing
up at the five positive double points of the immersed 2-sphere, VK1,K2,K3♯5CP
2
contains
an embedded 2-sphere S of square −18 which still intersects the I16-fiber transversally
at one point. Let Σ0 be an embedded 2-sphere in I16-fiber which intersects S and let
Σ1 be an embedded 2-sphere in I16-fiber which intersects with Σ0 at one point, say
q, positively. Then, applying 17 infinitely close blow-ups at the point q, the 4-manifold
VK1,K2,K3♯22CP
2
contains a configuration C305,17 which is a chain of embedded 2-spheres
according to the following linear plumbing
(−18,−19,
14
︷ ︸︸ ︷
−2, . . . ,−2, −3,
16
︷ ︸︸ ︷
−2, . . . ,−2 ).
Note that the boundary ∂C305,17 is the lens space L(305
2,−5184) which also bounds
a rational ball B305,17. Hence, by rationally blowing down along the configuration C305,17
in VK1,K2,K3♯22CP
2
, Stipsicz and Szabo´ constructed a new family of smooth 4-manifolds
YK1,K2,K3 = (VK1,K2,K3♯22CP
2
− intC305,17) ∪L(3052,−5184) B305,17.
Furthermore, they computed the Seiberg-Witten invariants of these manifolds. In par-
ticular, they showed that an infinite family of smooth 4-manifolds Yn := YTn,Tn,Tn are
pairwise nondiffeomorphic, all with nonvanishing Seiberg-Witten invariants.
Theorem 2.2 ([22]). There are infinitely many pairwise nondiffeomorphic smooth, closed
4-manifolds Yn with vanishing first homology, b
+
2 = 3, b
−
2 = 8 and nontrivial Seiberg-
Witten invariants.
Now we will modify their construction to get an infinite family of simply connected
smooth 4-manifolds with b+2 = 3 and b
−
2 = 8. The procedure is the following: Recall that
the 4-manifold VK1,K2,K3 above contains a ‘pseudo-section’ i.e. an immersed 2-sphere
with three positive double points and with square −2. At this stage, instead of resolving
two positive intersections of this pseudo-section with the remaining two fishtail fibers,
resolve just one positive intersection point. Then the 4-manifold VK1,K2,K3 contains an
immersed 2-sphere with four positive double points and with square 0. By blowing up
at the four positive double points of the immersed 2-sphere, VK1,K2,K3♯4CP
2
contains
an embedded 2-sphere of square −16 which still intersects one remaining fishtail fiber
at one point, say p, and also intersects transversally the I16-fiber. Now applying 2
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infinitely close blow-ups at the point p and blowing up at the positive double point lying
in the remaining fishtail fiber, we get a 4-manifold VK1,K2,K3♯7CP
2
which contains an
embedded 2-sphere S of square −18 and a configuration C3,1 disjoint from S. And then,
proceeding as above, i.e. applying 17 infinitely close blow-ups at the point q, we obtain a
smooth 4-manifold VK1,K2,K3♯24CP
2
which contains two disjoint configurations C3,1 and
C305,17. More precisely, the 4-manifold VK1,K2,K3♯24CP
2
contains a chain of embedded
2-spheres according to the following linear plumbing
(−5,−2,−1,−18,−19,
14
︷ ︸︸ ︷
−2, . . . ,−2, −3,
16
︷ ︸︸ ︷
−2, . . . ,−2 ).(1)
Note that the third embedded 2-sphere, say E6, of square −1 in the linear plumbing
above is an exceptional curve coming from the 6th blowing up of VK1,K2,K3. Since two
configurations C3,1 and C305,17 are disjoint in VK1,K2,K3♯24CP
2
, we first get a family of
smooth 4-manifolds, say Y ′K1,K2,K3 , by rationally blowing down along C305,17, and then
we finally get an infinite family of new smooth 4-manifolds, say ZK1,K2,K3 , by rationally
blowing down along C3,1. Alternatively, we can get a family of smooth 4-manifolds, say
Y ′′K1,K2,K3, by rationally blowing down along C3,1 first, and then we can get the same
smooth 4-manifolds ZK1,K2,K3 by rationally blowing down along C305,17. That is, we
have
Y ′K1,K2,K3 = (VK1,K2,K3♯24CP
2
− intC305,17) ∪L(3052,−5184) B305,17(2)
Y ′′K1,K2,K3 = B3,1 ∪L(9,−2) (VK1,K2,K3♯24CP
2
− intC3,1)(3)
ZK1,K2,K3 = B3,1 ∪L(9,−2) (Y
′
K1,K2,K3
− intC3,1)(4)
= (Y ′′K1,K2,K3 − intC305,17) ∪L(3052,−5184) B305,17.(5)
Next, we will prove that the 4-manifolds ZK1,K2,K3 constructed above are simply
connected by using Van-Kampen’s theorem.
Theorem 2.3. For any twisted knots K1,K2 and K3, the 4-manifold ZK1,K2,K3 is home-
omorphic to 3CP 2♯8CP
2
.
Proof. First, in order to prove the simple connectivity of ZK1,K2,K3 , let us decompose the
smooth 4-manifold VK1,K2,K3♯24CP
2
into C3,1∪L(9,−2)X0∪L(3052,−5184)C305,17. Then the
rational blow-down 4-manifolds Y ′K1,K2,K3 , Y
′′
K1,K2,K3
and ZK1,K2,K3 can be decomposed
as follows:
Y ′K1,K2,K3 = C3,1 ∪L(9,−2) X0 ∪L(3052,−5184) B305,17(6)
Y ′′K1,K2,K3 = B3,1 ∪L(9,−2) X0 ∪L(3052,−5184) C305,17(7)
ZK1,K2,K3 = B3,1 ∪L(9,−2) X0 ∪L(3052,−5184) B305,17.(8)
Let i′∗ : π1(∂C305,17) → π1(C3,1 ∪L(9,−2) X0) and i
′′
∗ : π1(∂C3,1) → π1(X0 ∪L(3052,−5184)
C305,17) be induced homomorphisms by inclusions i
′ : ∂C305,17 → C3,1 ∪L(9,−2) X0 and
i′′ : ∂C3,1 → X0 ∪L(3052,−5184) C305,17 respectively. We may also choose the generators,
say α and β, of π1(∂C305,17, x0) ∼= Z3052 and π1(∂C3,1, x1) ∼= Z9 so that α and β are
represented by circles lying in ∂C305,17 ∩ E6 and ∂C3,1 ∩ E6, respectively. Recall that
E6 is an exceptional curve which intersects transversally each embedded 2-sphere ending
in the configurations C3,1 and C305,17 (refer to the linear plumbing (1) above). Since
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VK1,K2,K3♯24CP
2
is simply connected and since the images i′∗(α) and i
′′
∗(β) of generators
are bounded by disks coming from a punctured exceptional curve E6 \ {an open disk},
the two 4-manifolds Y ′K1,K2,K3 and Y
′′
K1,K2,K3
are simply connected. Hence, applying
Van-Kampen’s theorem on the decompositions (6) and (7) above, we conclude that both
quotients groups
π1(X0 ∪L(3052,−5184) B305,17, x1)/Nj′
∗
(β) and π1(B3,1 ∪L(9,−2) X0, x0)/Nj′′
∗
(α)(9)
are trivial. Here j′ : ∂C3,1 → X0∪L(3052,−5184)B305,17 and j
′′ : ∂C305,17 → B3,1∪L(9,−2)X0
are inclusions, and Nj′
∗
(β) and Nj′′
∗
(α) are the least normal subgroups containing j
′
∗(β) and
j′′∗ (α) respectively. Note that they satisfy j
′
∗(β)
9 = 1 and j′′∗ (α)
3052 = 1. Furthermore,
there is a relation between j′∗(β) and j
′′
∗ (α) when we restrict them to X0. That is, if we
choose a path γ connecting x0 and x1 lying in E6 \ {two open disks}, then they satisfy
either j′∗(β) = γ
−1·j′′∗ (α)·γ or j
′
∗(β) = γ
−1·j′′∗ (α)
−1·γ (depending on orientations) because
one is homotopic to the other in E6 \ {two open disks} ⊂ X0. Hence, by combining two
facts above, we get j′∗(β)
3052 = (γ−1 · j′′∗ (α)
±1 · γ)305
2
= γ−1 · j′′∗ (α)
±3052 · γ = 1 = j′∗(β)
9.
Since the two numbers 9 and 3052 = 25 × 612 are relatively prime, the element j′∗(β)
should be trivial. So the relation j′∗(β) = γ
−1 · j′′∗ (α)
±1 · γ implies the triviality of j′′∗ (α).
Finally the relation (9) above implies that both groups
π1(X0 ∪L(3052,−5184) B305,17) and π1(B3,1 ∪L(9,−2) X0)(10)
are trivial. Thus, applying Van-Kampen’s theorem again on the decomposition (8) above,
we conclude that the 4-manifold ZK1,K2,K3 is simply connected.
The rest of proof follows from simple Euler characteristics and signature computations
together with Freedman’s classification theorem. 
Finally, we compute the Seiberg-Witten invariants of smooth 4-manifolds ZK1,K2,K3
to show that they are mutually nondiffeomorphic. For simplicity, we restrict our at-
tention to the special case K1 = K2 = K3 = n-twist knot Tn. Let Vn, Y
′
n, Y
′′
n and Zn
denote simply connected smooth 4-manifolds VTn,Tn,Tn , Y
′
Tn,Tn,Tn
, Y ′′Tn,Tn,Tn and ZTn,Tn,Tn
constructed above, respectively. Then the Seiberg-Witten invariants of Zn can be easily
computed using the same technique appeared in the proof of Theorem 3.3 in [22].
Theorem 2.4. The smooth 4-manifold Zn has only one (up to sign) SW-basic class Ln
with SWZn(Ln) = ±n
3.
Proof. Since the Seiberg-Witten function of theK3 surface is SWK3 = 1 and the Alexan-
der polynomial of Tn is ∆Tn = nt− (2n− 1) + nt
−1, by applying Theorem 1.1 in [4], the
Seiberg-Witten function of the Vn = VTn,Tn,Tn is equal to
SWVn = (ne
2T − (2n − 1) + ne−2T )3,
where T is a regular elliptic fiber of Vn. And the blow-up formula implies that the
Seiberg-Witten function of the Vn♯24CP
2
is also equal to
SW
Vn♯24CP
2 = SWVn · (e
E1 + e−E1) · · · (eE24 + e−E24),
where Ei is an exceptional curve coming from the i
th blowing up of Vn. Now applying
Theorem 2.1 and Corollary 2.1 above for a rational blow-down 4-manifold Y ′n, we know
that only the following SW-basic classes of Vn♯24CP
2
Ln := ±(6T + E1 + · · · + E6 ± E7 + E8 + · · ·+ E24)
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induce SW-basic classes L′n of Y
′
n and they all have SW-invariants SWY ′n(L
′
n) = ±n
3.
Furthermore, applying Theorem 3.2 in [14] for Y ′n, we conclude that such L
′
n’s are the
only SW-basic classes of Y ′n. Next, again applying Theorem 2.1 and Corollary 2.1 above
and Theorem 3.2 in [14] for the rational blow-down 4-manifold Zn, we conclude that
Zn has only one (up to sign) SW-basic class Ln which is induced from the following
SW-basic class of Vn♯24CP
2
Ln = ±(6T + E1 + · · ·+ E6 + E7 + E8 + · · ·+ E24)
and it has SW-invariant SWZn(Ln) = ±n
3. 
Corollary 2.2. The 4-manifolds Zn (n ≥ 1) are simply connected irreducible smooth
4-manifolds which are mutually nondiffeomorphic.
Proof of Theorem 1.1. By Theorem 2.3 and Corollary 2.2 above, the 4-manifolds Zn with
n ≥ 1 provide an infinite family of smooth 4-manifolds which are homeomorphic, but
not diffeomorphic, to 3CP 2♯8CP
2
. Hence we are done. 
3. More Examples
In this section we construct more examples of simply connected smooth 4-manifolds
with b+2 = 3 and b
−
2 = 8 which are mutually nondiffeomorphic by using a different
configuration.
First recall that the 4-manifold VK1,K2,K3 contains a ‘pseudo-section’ with three posi-
tive double points and with square −2. At this time, by blowing up at the three positive
double points of the pseudo-section, we get a 4-manifold VK1,K2,K3♯3CP
2
which contains
an embedded 2-sphere of square −14 and which intersects two remaining fishtail fibers
at the points p1 and p2 respectively. Applying 2 infinitely close blow-ups at p1 and p2
respectively and blowing up at two positive double points lying in the two remaining fish-
tail fibers, we get a 4-manifold VK1,K2,K3♯9CP
2
which contains an embedded 2-sphere
S of square −18 and two copies, say C3,1 and C
′
3,1, of a configuration C3,1 disjoint from
S. And then, applying 17 infinitely close blow-ups at the point q, we obtain a smooth
4-manifold VK1,K2,K3♯26CP
2
which contains three disjoint configurations C3,1, C
′
3,1 and
C305,17. Since three configurations are disjoint in VK1,K2,K3♯26CP
2
, we get a new family
of smooth 4-manifolds Y˜K1,K2,K3 , Y˜
′
K1,K2,K3
and Z˜K1,K2,K3 by rationally blowing down
along C3,1, C
′
3,1 and C305,17 sequentially. Alternatively, we can get a family of smooth 4-
manifolds Y˜ ′′K1,K2,K3 , Y˜
′′′
K1,K2,K3
and Z˜K1,K2,K3 by rationally blowing down along C305,17,
C3,1 and C
′
3,1 sequentially. Then, using the same techniques as in the proof of Theo-
rem 2.3 and Theorem 2.4 in Section 2, we can prove that
Theorem 3.1. For any twisted knots K1,K2 and K3, the 4-manifold Z˜K1,K2,K3 is home-
omorphic to 3CP 2♯8CP
2
.
Theorem 3.2. The smooth 4-manifold Z˜n = Z˜Tn,Tn,Tn has only one (up to sign) SW-
basic class Ln with SWZ˜n(Ln) = ±n
3.
Corollary 3.1. The 4-manifolds Z˜n (n ≥ 1) are simply connected irreducible smooth
4-manifolds with b+2 = 3 and b
−
2 = 8 which are mutually nondiffeomorphic.
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Remark. It is an interesting question to ask whether ZK1,K2,K3 and Z˜K1,K2,K3 con-
structed in this paper are diffeomorphic to the Stipsicz and Szabo´’s exotic 4-manifolds
with b+2 = 3 and b
−
2 = 8 in [22]. Note that we still do not know whether the Stipsicz and
Szabo´’s exotic 4-manifolds are simply connected or not.
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